This paper deals with initial value problems for fractional functional differential equations with bounded delay. The fractional derivative is defined in the Caputo sense. By using the Schauder fixed point theorem and the properties of the Mittag-Leffler function, new existence and uniqueness results for global solutions of the initial value problems are established. In particular, the unique existence of global solution is proved under the condition close to the Nagumo-type condition.
Introduction
The present paper considers initial value problems for fractional functional differential equations of the form C D α u(t) = f (t, u t ), (1.1) subject to initial conditions where α, h > 0, φ ∈ C ⌈α⌉−1 [−h, 0], the symbol c D α denotes the Caputo fractional differential operator and u t is defined by u t (θ) = u(t + θ) for θ ∈ [−h, 0]. Here ⌈α⌉ is the smallest integer ≥ α.
Fractional calculus has been widely used to describe the complex nonlinear phenomena in continuum mechanics, thermodynamics, quantum mechanics, plasma dynamics, electrodynamics and so on [1] . The constitutive relation of the viscoelastic media is successfully modeled by fractional differential equations [2] . Wang et al. [3] proposed a fractional order financial system with time delay and considered the dynamical behaviors of such a system.
Existence and uniqueness of solutions of initial value problems for fractional ordinary differential equations have been investigated by many authors [4, 5, 6, 7, 8, 9, 10] . Diethelm and Ford [4] used the Schauder fixed point theorem to prove that the initial value problem for the fractional differential equation with Caputo derivative has a local solution under appropriate assumptions. Lakshmikantham [9] first extended the Nagumo-type existence and uniqueness result for fractional differential equations involving RiemannLiouville fractional derivative. In [6] the classical Nagumo-type theorem is generalized to Caputo-type fractional differential equations. Lin [8] obtained existence results for solutions of the initial value problems under more general assumptions. Recently, Sin et al. [10] improved sufficient conditions for existence and uniqueness of global solutions of the initial value problem by proving a new property of the two parameter Mittag-Leffler function.
With the development of mathematical theory on fractional ordinary differential equations, fractional functional differential equations with delay have also been intensively studied [11, 12, 13, 14, 15, 16, 17] . Lakshmikantham [12] established existence results for solutions of initial value problems for fractional functional differential equations with bounded delay. Agarwal et al. [14] used Krasnoselskiisfixed point theorem to prove sufficient conditions for existence of solutions of fractional neutral functional differential equations with bounded delay. Zhou et al. [13] obtained various criteria on existence and uniqueness of solutions of fractional neutral functional differential equations with infinite delay. Yang et al. [16] considered existence and uniqueness of local and global solutions of the initial value problem (1.1)-(1.2). In order to obtain the existence result for global solutions, they supposed the following condition: there exist constants c 1 , c 2 ≥ 0 and 0 < λ < 1 such that
As pointed in [16] , the condition is violated even by some very elementary equations like linear equation. They proved the unique existence of solution when f is continuous and satisfies the Lipschitz condition with respect to the second variable. In this paper, by using Schauder fixed point theorem and properties of two parameter Mittag-Leffler function, existence and uniqueness results for global solutions of the equation (1.1)-(1.2) are improved. Firstly, the condition 0 < λ < 1 for global solutions is replaced with the more general one 0 < λ ≤ 1. Then the unique existence of global solutions is established when f satisfies the condition close to the Nagumo-type condition weaker than the Lipschitz condition.
The rest of the paper is organized as follows. Section 2 introduces the preliminary results which are used in deriving the main results of this paper. In Section 3, the existence of solutions of the initial value problem (1.1)-(1.2) is discussed. Section 4 deals with the uniqueness of global solutions of the equation.
Preliminaries
In this section we give definitions and preliminary results which are needed in our investigation. Firstly, we recall the concepts of Riemann-Liouville fractional integral operator and Caputo fractional differential operator.
The Riemann-Liouville integral of order β of u is defined by
The Caputo fractional derivative of order β of u is defined by
Then the Caputo fractional derivative of order β is defined for u belonging to the space AC ⌈β⌉ [0, l] of absolutely continuous functions of order ⌈β⌉. 
Proof. See Lemma 2.8 in [16] .
We can easily see that if f is continuous and u is the solution of the integral equation (2.4) 
Lemma 2. Let B ⊂ Y be a bounded set. If (H2-1) holds, then the operator J is continuous in B.
Proof. See Theorem 3.1 in [16] . 
Existence of global solutions
In this section the existence of global solutions of the initial value problem for the fractional functional differential equation (1.1)-(1.2) is investigated. For the next theorem, we make the following assumption: Proof. By Lemma 5, there exist λ 1 , λ 2 , λ 3 > 0 such that for t ∈ [0, T ],
We define a convex bounded closed subset G of Y as follows
, where
.
By Holder inequality, we have that for any x ∈ G and t ∈ [0, T 1 ],
We have that for any x ∈ G and t ∈ [T 1 , η],
We have that for any x ∈ G and t ∈ [η, T ],
Thus JG ⊂ G. By Lemma 4, J has at least one fixed point in G.
Remark 1.
The condition (H3-1) of Theorem 1 can be replaced by the following condition. There exist n ∈ N,
Remark 2. Theorem 1 is an improvement on the result of Corollary 3.1 in [16] .
Remark 3. Theorem 1 can be easily extended to vector-valued functions. Corollary 1. Suppose that (H2-1) and (H3-1) hold, except that the number T is taken to be ∞. Then the initial value problem (1.1)-(1.2) has a solution on [0, ∞).
Proof. By Theorem 1, for any T ∈ R, the fractional functional differential equation (1.1)-(1.2) has a solution. Since T can be chosen arbitrarily large, the equation (1.1)-(1.2) has at least one global solution on [0, ∞).
Uniqueness of global solutions
In this section the uniqueness of global solutions of the initial value problem for the fractional functional differential equation (1.1)-(1.2) is studied. For the uniqueness theorem, we make the following hypotheses: 
We define W 1 and Q 1 as follows
If W 1 = 0, then we have
which implies that W 1 = 0. Therefore x(t) = y(t), t ∈ [0, T 1 ]. By Lemma 5, there exists a real number λ 2 > 0 such that for t ∈ [0, T ],
We define W 2 and Q 2 as follows
If W 2 = 0, then we have
which implies that W 2 = 0. Therefore x(t) = y(t), t ∈ [0, η]. By Lemma 5, there exists a real number λ 3 > 0 such that for t ∈ [0, T ],
We define W 3 and Q 3 as follows
T ] : |x(t) − y(t)| = W 3 E 1,1−a 2 (λ 3 (t − η))}.
From the assumption x − y C[0,T ] > 0, it is clear that W 3 = 0. Then we have Proof. Similar to Corollary 1, we can prove this result.
